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We consider how nonlinear interaction effects can manifest themselves and even be enhanced in a

strongly driven optomechanical system. Using a Keldysh Green’s function approach, we calculate
modifications to the cavity density of states due to both linear and nonlinear optomechanical interactions,
showing that strong modifications can arise even for a weak nonlinear interaction. We show how this
quantity can be directly probed in an optomechanically induced transparency-type experiment. We also
show how the enhanced interaction can lead to nonclassical behavior, as evidenced by the behavior of g,

correlation functions.
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Introduction.—The field of cavity optomechanics
involves understanding and exploiting the quantum inter-
action between a mechanical resonator and photons in a
driven electromagnetic cavity. It holds immense promise
for both fundamental studies of large-scale quantum phe-
nomena as well as applications to quantum information
processing and ultrasensitive detection, and has seen
remarkable progress in the past five years. Highlights
include the use of radiation pressure forces to cool a
mechanical resonator to close to its motional ground state
[1,2] and experiments where the mechanical motion causes
squeezing of the light leaving the cavity [3.,4].

As remarkable as this progress has been, it has relied on
strongly driving the optomechanical cavity to enhance the
basic dispersive coupling between photons and mechanical
position. While the resulting interaction can be made larger
than even the dissipative rates in the system [5-7], it is
purely bilinear in photon and phonon operators. As a result,
it cannot convert Gaussian state inputs into nonclassical
states or give rise to true photon-photon interactions.
Recent theoretical work has addressed the physics of the
nonlinear interaction in weakly driven systems [8,9].
Unfortunately, one finds that the effects are suppressed
by the small parameter g/w,;.

In this Letter, we now consider nonlinear interaction
effects in an optomechanical system that (unlike
Refs. [8,9]) is also subject to a strong laser drive; we
consider the effects of this driving beyond simple linear
response. We find somewhat surprisingly that one can use
the strong drive to enhance the underlying single-photon
interaction. Using nonequilibrium many-body perturbation
theory [based on the Keldysh technique (see, e.g.,
Ref. [10])], we calculate how these effects modify the
cavity density of states and hence the cavity’s response to
an additional weak probe laser. This response is exactly
the quantity measured in so-called optomechanically in-
duced transparency (OMIT) experiments [6,11-13]. We
find striking modifications of the OMIT spectrum, effects
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which can be attributed to the nonlinear interaction causing
a hybridization between one and two polariton states (with
the polaritons being joint mechanical-photonic excita-
tions). We also find the possibility of enhanced polariton-
polariton interactions, which lead in turn to nonclassical
correlations (as measured by a g, correlation function).

System.—The standard Hamiltonian of a driven optome-
chanical cavity is H = H, + Hy, with (h = 1)

+ [/ka,(Hat + H.c.]. (1)

Here, a is the cavity mode (frequency w ¢, damping rate «),
b is the mechanical mode (frequency w,;, damping rate 7y),
and g is the optomechanical coupling. H g, describes the
dissipation of photons and phonons by independent baths;
@iy (¢) is the amplitude of the drive laser.

We consider the standard case of a continuous-wave
drive [i.e., @,(t) * e '“."] and work in a rotating frame
at the laser frequency w; . We further make a displacement
transformation, writing a = e~ iol(g + cAl), where a is the
classical cavity amplitude induced by the laser drive.
Letting A = w; — w¢, the coherent Hamiltonian now
takes the form H, + H, with

A, =-Ad"d+ wyb'b + G(d+ d")b+bY), (2

H,=gdtd( + bY). (3)

G = ga is the drive-enhanced many-photon optomechan-
ical coupling; we set g, a > 0 without loss of generality.
The most studied regime of optomechanics is where
a>1and g < k, wy. It is then standard to neglect the
effects of H,. In the absence of any driving, a simple
perturbative estimate suggests that the effects of H, enter
as g%/ w,,, where the factor of w,, corresponds to a virtual
state with one extra (or one less) phonon. This conclusion
can be made more precise by exactly solving the coherent,
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undriven system using a polaron transformation [8,9].
Thus, in this standard regime, one can ignore H,, leaving
only H,, which is easily diagonalized as H, =
ZU:iE(,é(T,éo. Here, ¢ _ describe the two normal modes
of the system. As these modes have both photon and
phonon components, we refer to them as polaritons in
what follows. Their energies are

1/2
E. = %(Az + wl * \/(A2 - w3)? — 16GzAwM) .

“4)

For A = —wy, and G = «, v, the polariton energy splitting
can be resolved experimentally [5-7].

Polariton interactions.—Unlike previous work, we wish
to retain the effects of the nonlinear interaction H, but also
consider the effects of a large drive (and hence a large
many-photon coupling G). To proceed, we will treat the
effects of H, in perturbation theory. We use a Keldysh
Green’s function (GF) approach which is able to describe
the nonequilibrium nature of the system. The linear
Hamiltonian A, along with the dissipative terms in H g
define the free GFs of the system, which describe the
propagation of polaritons in the presence of dissipation.
Written in the polariton basis, the nonlinear interaction H,
gives rise to number-nonconserving interactions

H, = Z (g(m,,,,,cac et + g8

U'(T(T

- //@(1;'62/60—” + H.C.),

&)

where the coefficients g’ A/B o © 8 [14]. Note normal

ordering H, in terms of polariton operators introduces
small quadratic and linear terms which modify the diago-
nalized form of H, (see the Supplemental Material for
details [14]).

We start by considering how single-particle properties
are modified by the nonlinear interactions; such properties
can be directly probed by weakly driving the cavity with
a second probe laser (i.e., an OMIT experiment [11-13])
or by measuring the mechanical force susceptibility.
Understanding these properties amounts to calculating
the self-energy [w] of both the polaritons due to H,.
We have calculated all self-energy processes to second
order in g. Our approach captures both the modification
of spectral properties due to the interaction (i.e., the modi-
fication of the cavity and mechanical density of states), as
well as modifications of the occupancies of the mechanics
and cavity. While our approach is general, we will focus
on the most interesting case of a high mechanical quality
factor y << wy,, a cavity in the resolved sideband regime
Wy > K, and a strong cavity drive G = k.

Our full second-order self-energy calculation finds that
for most choices of parameters, the polariton self-energies
scale as g2/ w,, and thus have a negligible effect for the
typical case where ¢ < w,,. However, effects are much

more pronounced if one adjusts parameters so that
E. = 2E_. This condition makes the term in H, which
scatters a + polariton into two — polaritons (and vice
versa) resonant. It can be achieved for any laser detuning
A in the range (— 2w, —w);/2) by tuning the amplitude
a;, of the driving laser so that the many-photon optome-
chanical coupling G = G, where [15]

G A] = 172203, — 4(wl, + AY/(10V=Rwy,). (6)

In this regime, the dominant physics is well described by
the approximation Hy = H. with

A= Y E,ehe, +g@he e +He)+ A (D

o=+

I:\INR:Z< ézé

o=+

g @,,). (8)

The second term in H. corresponds to making a rotating-
wave approximation on the nonlinear interaction
H, in Eq. (5), retaining only the resonant process;
&= g8 _, « g is the corresponding interaction strength
[Fig. 2(a) shows how § varies with A]. The terms in Hyg
describe the small (ie., * g>/w,,) residual effects of
the nonresonant interaction terms in Eq. (5); we treat
them via straightforward second-order perturbation theory
(i.e., a Schrieffer-Wolff transformation). They play no role
in the extreme good-cavity limit w,, > « [14].

Green’s functions for resonant nonlinear interactions.—
Focusing on the resonant interaction regime defined by
Eq. (6) and using the simplified Hamiltonian in Eq. (7),
we obtain simple expressions for the retarded GFs of the
system. The retarded photon GF in the displaced, rotating
frame is defined as

Ghol= =i [~ amwae.doper, o

with similar definitions for the polariton retarded GF
GR, [w] (0 ==). As usual, pylo]=—ImGR[w]/7
describes the cavity density of states; GX [w] also deter-
mines the reflection coefficient in an OMIT experiment
(see Fig. 2). A standard linear response calculation [14]
shows that the elastic OMIT reflection coefficient is given
by Hw,] = 1 — ik, G [0, ], where w,, is the frequency
of the weak probe beam and k., is the contribution to the
total cavity « from the coupling to the drive port.

In the limit of interest where k < E,,, there are no off-
diagonal polariton GFs or self-energies [14]. As a result,
GR [w] will be given as GE[w]=3 (C,GE, [w]+
D {GR [—w]}*), where the change-of-basis coefficients
C, and D, are given in Ref. [14]. The Dyson equations
for the polariton retarded GFs are

Giolo] = (0 — E, +ik,/2 = 35, [w])7!,  (10)
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where «,, is the effective damping rate of the o polariton
[14]. Using the effective Hamiltonian in Eq. (7), a standard
Keldysh calculation yields that to second order in g, the
polariton self-energies take the simple forms

® _2g%(1 +2a0)
selel= e (1a)
~2 _ _ =
SR _[w] = 48— 7y (11b)

w—(E, —E_)+i(ky +r_)/2

Here, 71, is the effective thermal occupancy of the o
polariton [14]; for § =0, we have (¢5é,) =7, We
have taken the limit g/w,, — 0 and hence neglected the
effects of the nonresonant terms Hyg in Egs. (11);
the explicit corrections due to these terms are given in
the Supplemental Material [14].

Equations (11) are central results of this work.
Equation (11a) describes the fact that a single + polariton
can resonantly turn into two — polaritons and describes the
hybridization between these states that occurs for large
enough g. To see this explicitly, we consider the case of
exact resonance (i.e., E, = 2E_) and write

. 2K_—K

1 1—in I
GRlw] == - s 12
+lo] 27,Ziw—E++i2K’%+n5+ (12)

8y =y22%(1+2i) — @k — k,)2/16.  (13)

For ¢ = «, we see that the + polariton GF has two poles,
corresponding to the new hybridized eigenstates. We stress
that these eigenstates do not correspond to a fixed excita-
tion number. Note that unlike the undriven system [8,9],
the effects of the nonlinear interaction can be significant
even if g < wy. Also note that the resonant coupling
between |+) and |— —) states is enhanced at finite
temperature by a standard stimulated emission factor
(1 + 27_). The form of this GF and self-energy are remi-
niscent to the photon GF for ordinary OMIT, where a
photon can resonantly turn into a phonon [11]; however,
that effect does not involve any temperature-dependent
enhancement. % _ _ in Eq. (11b) describes a process where
the propagating — polariton of interest interacts with
an already present — polariton to turn into a +. As this
process requires an existing density of polaritons, it is
strongly suppressed at low temperatures.

We note that it is possible to use resonance to enhance
the nonlinear optomechanical interaction without strong
driving, if one instead considers a system where two cavity
modes interact with a single mechanical resonator [16—18];
see also Ref. [19] for an alternate scheme based on two
cavity modes. Our approach has the benefit of only requir-
ing a single cavity mode; further, for drive detunings near
A = —wy, it also has a natural resistance against
mechanical heating, as mechanical contribution to the
polariton temperature scales as yiiy,/k, where iy, is the

mechanical thermal occupancy. While a low temperature is
not essential for the density-of-states effects described
above, it is essential for the correlation effects discussed
below. Finally, for superconducting microwave cavities,
the cavity linewidth « has a strong contribution from
two-level fluctuators and thus improves if one strongly
drives the cavity (as in our scheme).

Red-sideband drive—For a detuning A = —w,,, the
polariton resonance occurs when G = 0.3w,,. For this
detuning, both polaritons are almost equal mixtures of
photon and phonon operators. One finds k, = (k + 7y)/2
and that the resonant interaction strength g = —0.37g.
Because H, does not conserve the number of photons
and phonons, the polaritons are not eigenstates of dtd +
lﬁbA; as a result, even at zero temperature, the effective
thermal occupancies scale as 7, * (G/wy)*> < 1 [14].
The inset of Fig. 1 shows the evolution of the cavity density
of states for these parameters as g is increased from zero.
For g = 0, one sees two symmetric peaks corresponding to
the two polaritons, i.e., the well-known normal-mode split-
ting [20,21]. As g increases, these peaks develop a marked
asymmetry. For g ~ k, a clear splitting of the + peak
occurs, corresponding to the resonant hybridization of
one and two polariton states. Figure 1 also shows the
results of a numerical (but nonperturbative) master-
equation simulation [14], showing our analytic approach
is reliable even for moderately strong g.

Large-detuned drives.—The resonant-polariton interac-
tion is also interesting for drives far from the red sideband,
where the value of G, < wy. For a laser detuning
near the minimum possible value A = —2w,, at which

g/k=0

025 0.30
< 0. (w = we)/wm
% g/k=0.6

k=1
g/k =1 9

o
o
T

0.26 0.28 0.30 0.32

(w—we)/wMm

0.24

FIG. 1 (color online). Main: + polariton resonance in the
cavity density of states, for various values of the nonlinear
interaction strength g (as indicated), as obtained from Eq. (12)
(with the inclusion of energy shifts from Hyg [14]). For all plots,
the laser drive is at the red sideband A = —w,,;, and G = 0.3w,
to ensure the resonance condition £, = 2E_; we also take
wy/k =50, T =0, and y = 10™*«. The peak splitting signals
the hybridization of a + polariton with two — polaritons. The
dashed curve is the result of a master-equation simulation for
g = k [14]. Inset: Full density of states, same parameters,
showing the asymmetry between + and — polariton resonances.
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resonance is possible (and setting G = G,,), the polaritons
are each either almost entirely phonon or photon,
implying a very small value of g§ < gG/w,,. However, as
the — polariton is now almost purely phononic, its small
damping rate and potentially large thermal occupancy
enhance the self-energy in Eq. (11a). We can quantify these
effects by considering the value of p, [w = E, ], which
will be suppressed by the hybridization physics described
here. One finds in general that

2/m 1 4g%(1+2i_)
— 0 Cp=——
Ky 1+ Ceff KiK_

palE+]= (14)

For a detuning A ~ —2wy, k- =7y + (8/9)G*k/w?,,
where the second term is the effective optical damping.
As aresult, Co « (g/k)*(1 + 2ii_). Even when Co << 1,
the small density-of-states suppression is extremely sharp
in frequency (with a width k_ < «), leading to an observ-
able feature. Further, the feature can be strongly enhanced
by simply increasing the mechanical temperature.

Figure 2 shows the reflection coefficient Ir[a)pr]|2 that
would be measured in a standard OMIT experiment for
both the case of a control laser detuning near —wy,
[Fig. 2(c)] and near —2w,, [Fig. 2(d)]. As discussed, the
w,, dependence of r reflects the structure in the cavity
density of states. The dashed curves in each panel are the
predictions of the wusual linearized optomechanical
Hamiltonian (i.e., g = 0, G # 0). For g ~ k, one sees a
clear splitting of the reflection dip associated with the +
polariton resonance. In contrast, for g < k, one can
still see effects of the nonlinear interaction by taking

0.4[(a) (b)
0.3}! Wr
0.2} T|W
i ___+Ed_
0.1}
y wpr ficp
0.0
Jwm
o
i 10 (d) g =5 (’\‘A = —2wy + 0.05%
= 08 0.2505 ~ '{y/n =001/ 1
g 7{n“,:0 ii l\
£ 06 0.2503f \0/m=001 L
o ---g/k=0 ---g/k=0 7 \
% 04 nn =0 1 ! \
= Ap_ [ th ,
I Y AN =
D% 6 7 8 9 10 11 12 0.007 0.011 0.013

(@or — we)/R (@or — we)/5
FIG. 2 (color online). (a) Behavior of g, G, and Cg as a
function of detuning A of the main laser drive. (b) Schematic of
OMIT experiment, where a weak probe beam at a frequency w,,
(defined in the lab frame) is reflected from the cavity. (c) OMIT
reflection coefficient, with A, g given, G = G, [A], k¢p/Kk =
0.25, and the remaining parameters identical to Fig. 1. The
dashed curve is the prediction of the linearized theory (g = 0,
G # 0). (d) Same as (c) but with a larger control laser detuning
A = —2w,,. In this regime, the effect of even a small g < « can
be resolved as it yields a very sharp feature.

A ~ —2w,,, as one obtains an extremely narrow feature
in {w,]. As an OMIT experiment involves measuring
average reflected power (as opposed to fluctuations),
such small, sharp features can be resolved. The value
of g/k =0.01 used in Fig. 2(d) is comparable to the
value 0.007 achieved in Ref. [22]; even larger values
of g/k have been realized in cold-atom experiments
(e.g., Ref. [23]).

Induced Kerr interaction.—The nonlinear interaction
in the resonant regime defined by Eqgs. (6) and (7) leads
to a strongly enhanced two-particle interaction between —
polaritons, mediated by the exchange of a + polariton
(Fig. 3). In a weakly driven optomechanical system,
Eq. (3) implies that phonons can mediate an effective
photon-photon interaction; however, as the virtual phonon
is off resonance, this interaction U « g2/ w,,. In contrast,
the resonance condition E, = 2E_ yields an induced
interaction U, * §°/k, an enhancement by a large
factor « wy,/ k.

To assess the effects of the polariton-polariton interac-
tions, we weakly drive our system with a second probe
tone and consider the g, correlation functions g,, =
@tataa)/(ata)?, where u = b, d, c,, c_. g,, is a mea-
sure of interaction induced correlations; g, = 1 signifies
nonclassical correlation. Given the strong interaction expe-
rienced by — polaritons when the resonance condition
E. =2FE_ is achieved, we expect that if the cavity is
driven at the E— resonance, g,_ will drop below 1. This
is indeed the result of a numerical, master-equation-based
calculation (see Fig. 3 and Ref. [14]). An analytic calcu-
lation based on a reduced state space (similar to that in
Ref. [18]) reproduces these results. For a weak probe drive
at the E— frequency, it yields [14]

Correlation go
N
:
)
[V
o

\
L L L ' L L L
-0.06 -0.04 -0.02 0.00 0.02 0.04 0.06
Driving frequency (wpy — E_)/E_

FIG. 3 (color online). Inset: Resonant interaction between —
polaritons. Main: Numerically calculated g, correlation function
for — polaritons (g,-) and phonons (g»;), in the presence of an
additional weak probe laser (frequency w,,). Here, g = k, A =
—wy, and G = 03w, = G,,. We have taken w,;/k — % to
suppress nonresonant interaction effects. The probe amplitude is
€ = 0.2k (g,-) and € = 0.3k (g,;,). Both phonon and polariton
g, functions drop below 1 due to the interactions, indicating
nonclassical correlations despite the fact g/wy, = 0. The dashed
curve is the result of an analytic theory (see Ref. [14]).
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One also finds nonclassical correlations for photons and
phonons. Shown in Fig. 3 is the phonon g, function g,
(for the same parameters); it clearly drops below 1. The
double-peak structure of this curve is the result of the drive
inducing correlations between — and + polaritons; it also
occurs in the behavior of (bTh) (see the Supplemental
Material for more details [14]).

Conclusions.—We have presented a systematic
approach for describing nonlinear interaction effects in a
driven optomechanical system, identifying a regime where
a resonance enhances interactions between polaritons. We
have discussed how this would manifest itself in a OMIT-
style experiment, as well as in g, correlation functions. The
polariton interactions we describe could be extremely
interesting when now considered in lattice systems or
when considering the propagation of pulses.

We thank W. Chen and A. Nunnenkamp for useful dis-
cussions. This work was supported by CIFAR, NSERC, and
the DARPA ORCHID program under a grant from AFOSR.

Note added.—Recently, we became aware of a related
work by Bgrkje et al. [24].
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I. LANGEVIN EQUATIONS FOR LINEARIZED OPTOMECHANICAL SYSTEM IN THE POLARITON
BASIS

We start by diagonalizing the linearized optomechanical Hamiltonian given in Eq. (2) of the main text, working as
always in a displaced interaction picture set by the laser drive on the cavity. Introducing

= s a s A qT - . s 4T
X =1[bdbt dt], Y=[e e e el ], (S1)
the diagonalization can be expressed in terms of a 4 x 4 real matrix U:
Y=U-X. (S2)

U can be found by standard means, though its general form is both cumbersome and unenlightening; we define
V = UL It is slightly less unwieldy in the special (but relevant) case of a drive at the red-detuned mechanical
sideband A = —wy;. In this case, we have simply:
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while the inverse transformation is defined by:

(S4)
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Next, we include the coupling of our system to the cavity and mechanical dissipative baths in the standard way,
treating these baths as Markovian over frequencies of interest. Consider first the coupling to the cavity bath. Prior
to making displacement and interaction-picture transformations, the system-bath coupling has the form (see, e.g.,

Ref. 1):

ﬁﬁ:zwjfjfj) I;[R,int = *11/2:p Z(fjffj) ((AI+CA1T), (SG)
j ©

where fj is the lowering operator for a bath mode, and p. is the density of states of bath modes (which we treat
to be constant over frequencies of interest). In now moving to an interaction picture at the laser frequency, we

also transform the bath modes, i.e. fj — fje*“"”. Formally, the interaction picture transformation involves a
unitary U(t) = exp [—ith (de—k > fjﬂ)} and transforms the bath Hamiltonian to H, = > i(wi — wL)fJJffj.
In this interaction picture, the counter-rotating terms in I:Imm will explicitly oscillate at +2w; = +2(w. + A).
Even if we now write our photon operators & in terms of polariton operators, there is no possibility of having these
terms becoming resonant, as the cavity frequency is much larger than any other frequency scale in the problem (i.e.

we > |Al,wm, E4, E-). As such, one can safely make a rotating-wave approximation in the photon basis, resulting
in a standard system-bath interaction which is stationary in the interaction picture:

I:L-c,int = 71“ 2:pc ; (f;rdA* dATfJ)
- —q/%ﬁc ; (7] (Vore— + Vasey + Vagl + Viuél ) — hc| (S7)
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We have also made the displacement transformation a = d+a as discussed in the main text. Note that in writing d in
terms of polariton operators via Eq. (S2), we obtain terms of the form f]’r ¢! which can cause polariton heating even
if the cavity bath is at zero temperature. Such terms are physical and must be retained. Formally, In the interaction
picture the bath now has negative frequency modes which can make such processes resonant. In more physical terms,
the combination of zero-point bath fluctuations with the cavity driving can excite the polaritons. This mechanism
has been discussed in other contexts under the name “quantum activation” by various authors [2, 3].

We turn now to the mechanical bath, where the basic interaction Hamiltonian can be written in an analogous way:

ﬁ’v = Z%@;ﬁja ﬁ%int = _i\/ 27;; Z (gj —Q;) (iH— Z)T) ’ (S8)
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Here, g; is a lowering operator for a mechanical bath oscillator, and p,, is the density of states of mechanical bath
modes (which we also treat to be constant over frequencies of interest). As there is no direct driving of the mechanical
resonator, the analysis here is somewhat simpler. We first re-write the phonon operator b in the polariton basis, and
then make a rotating-wave approximation. The justification is that counter-rotating terms such as gjéj, can never be
made resonant; as the mechanical resonator is not driven, there is no quantum activation mechanism involving the

mechanical bath. We thus obtain
7o~ g’ sl
Hy iy ~ EUZ Vamoo Ej: (3360 + e, (S9)

where (V =U"1)
KJ_V[ =7 (Vn + V31)2 R /ﬁj_tj =7 (V12 + V32)2 . (SIO)

Having now established the correct system-bath coupling Hamiltonians in the polariton basis we wish to use, we
can derive the Heisenberg-Langevin equations for our system in the standard manner. As each bath couples to both
+ and — polaritons, one obtains off-diagonal damping terms, (e.g. the mechanical bath produces a force on the +
polariton that is proportional to the amplitude of the — polariton). Such terms will dynamically couple + and —
polaritons, and can be included in our theory in a straightforward manner (i.e. by including Green functions that are
off-diagonal in the polariton index). However, in the weak-dissipation limit of interest (k,v < Ey,E_,|E; — E_|),
the mixing effects induced by such terms is strongly suppressed. As such, we will drop off-diagonal damping terms,
resulting in the form:

Outot) = = (iBq +57) e(t) = Voo, (s11)

where the polariton damping rates x, are given by:
R [(v21)2 - (vgg,)ﬂ ok =kM s [(vm)2 - (VM)Q} : (S12)

The noise operators ég (t) are each linear combinations of the input noise emanating from the mechanical and cavity
baths. In the interaction picture we use, we will be sensitive to noise in the cavity bath at frequencies near w,
and noise in the mechanical bath at frequencies near wpy;. In the limit of interest where the physical temperature
T < hw./kp, there will be no thermal noise incident from the cavity bath at the frequencies of interest. Also, as
we focus on regimes where the polariton damping rates are much smaller than their energies, we can treat the noise
operators as being white noise (as is standard in input-output theory treatments). We thus have

(E0ét)) = Ts(t—t), (&MEE)) = 1+m)a(t—t), (813)

where the effective temperatures of the two noises are given by:

n = Hi (+¥ns (B + (Vas)?s), 7y = % (4 (B2 + (Vaa)* s) (S14)
np [Ey] denotes the Bose-Einstein distribution function evaluated at energy E, and the mechanical bath temperature.

Finally, one also finds that £+ and é_ are correlated with one another. Similar to the situation of off-diagonal
damping terms, such noise correlations could easily be included in our theory; however, as they play no role in the
regime of interest where E,, |Ey — E_| > k,7, we drop them in what follows. One also finds that anomalous noise
correlators can be non-zero (e.g. (fg(t)ég/(O»). Again, while such terms can be retained in our theory, they play no
role in the weak-damping regime of interest, and we hence drop them in what follows.



II. UNPERTURBED POLARITONS GFS

The standard definitions of the three relevant GFs needed in the Keldysh technique are (o stands for 4, but similar
definitions hold for é, = b or d):

]>eiwt, (S15)
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The retarded and advanced GFs keep track of spectral information, whereas the Keldysh Green function G¥ also
keeps track of the occupancy of states. For the linearized (non-interacting) theory, the GFs are easily obtained from
the Langevin equations in Eq. (S11). These free GFs (which we denote by G) are diagonal (only non-zero for o = o)
and given by:

Rl L S18
ol = g (s18)
Gh W] = (206 + 1) (G, [w] — G2y W), (S19)

*
and G7, [w] = [, [w]] "

Finally, as there are no off-diagonal polariton Green functions, we can use Eq. (S2) to write the photon retarded
Green function G, [w] as:

Gl = (CoGE ] + Do [GE, ] (520)

g

where
- = V2217 Cy = V222’ D_ = V223’ D, = V224 (S21)

As the Green functions remain diagonal in the polariton index even with the nonlinear interaction (in the regime of
interest, see below), the above relation also holds for the full Green functions (i.e. including the self-energy associated
with g).

III. H, IN THE POLARITON BASIS

Using the change of basis matrix V = U~ (c.f. Eq.(52)), we can re-write the non-linear interaction Hy in Eq. (3)
of the main text in the polariton basis via:

Hy=g [Vﬂ {V?] ([Vﬂ + [Vﬂ ) . (S22)
4 2 1 3
Expanding this equation allows one to obtain the interaction coefficients 9?(;]'30" in terms of g and matrix elements of
V. In particular, the coefficient g of the resonant interaction process 61&[@. will be given by:

g =g(VaaVa1 (Vi1 + Vi3) + VasVaa (Vi1 + Viz) + VazVar (Via + Vi2)). (523)

As the normal-mode transformation described by U mixes raising and lowering operators, H, will not be normal-
ordered when written in terms of polariton operators (even though it is normal ordered when written in terms of

photon and phonon operators). Normal-ordering Hs in the polariton basis yields the form:
Hy=Hy:4+(A_é_ + Ayép +he) (S24)

where the colons indicate normal-ordering in the polariton basis, and the constants A, oc g. The first term is the
normal-ordered polariton interaction written in Eq. (5) in the main text. We next make a unitary displacement
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FIG. 1: (a) Feynman diagrams describing the dominant + and — polariton self-energies (to second order in g) in the case
when the resonance condition £} = 2E_ is met. We have shown diagrams for the retarded self-energies; similar diagrams
also determine the advanced and Keldysh self-energies. The structure of propagators in Keldysh space is indicated by writing
explicit classical (cl) and quantum (g) indices at the ends of each Green function. (b) The non-resonant interaction terms induce
effective two-particle interactions between polaritons, as described by Hyr in Eq. (8) of the main text. These two-particle
interactions modify the resonant self-energies depicted in Fig. (1); shown above are the diagrams describing the modification
of the 4 polariton self-energy by the effective interaction U__. The summation of these ladder diagrams results in the simple
energy shift indicated in Egs. (527),(528).

transformation of the form ¢, — ¢, + ¢,, where the constants ¢, are chosen to eliminate all linear-in-¢, terms in the

Hamiltonian; to leading order in ¢, ¢ = —A,/E,. The resulting coherent Hamiltonian has the form:
2 : R c_ JU c_
H2::H22+[C1; CTF]Z]'|:6+:|+([C_ c+]22{é+]+h.c.).

Here Z1,Zz are 4 x 4 matrices whose entries are all order g?/E, ~ g?/wy. The quadratic terms on the RHS describe
corrects to the linear Hamiltonian H; = =>_E, ¢l é, arising from the displacement transformation. In principle, one
could combine these with the terms in Hy, re- diagonalize the resulting quadratic Hamiltonian, obtaining a new basis
of non-interacting polaritons. However, to leading order in g2 /wy, all that is needed is to retain the diagonal elements
of Z1, which simply shift the polariton energies but do not change their wavefunctions. These energy shifts (denotes
€4+,€_) are just absorbed into the definition of our free Green functions. We are then left with a normal-ordered
interaction Hamiltonian Hy in the polariton basis which can be addressed perturbatively.

IV. PERTURBATIVE TREATMENT

We have calculated the full Keldysh self-energy corresponding to H, to order g2, without any further approximation.
We have also done this calculation in the case where G is not so large, such that one should work in the original basis
of photons and phonons. Results of these full calculations will be presented elsewhere. Here, like in the main text,
we will focus on the resonant-interaction regime described in the main text, where the condition £, = 2F_ enhances
certain scattering processes. In this regime, the dominant self-energy processes for + and — polaritons are depicted
in Fig. 1. Using the standard rules of the Keldysh technique [4], these diagrams correspond to:

0 dw’ / / / / ~ n--—n
¥R [w] = 2192/? (Qi{, [W]GE, W +w]+ G4 W —w]GE, [w']) :492w_(E+_E_):-i”’;K+, (525)
) 1+ 27
B W] = 2“2/ gii 168 [w— ]=2§Q—MEZE_+EH_. (526)

Note that because of the resonance condition, these self-energies scale as g /k, whereas all other self-energy diagrams
are suppressed by an additional small parameter x/wy. They can thus be neglected in the limit x/wyn — 0. For a
small but realistic value of k/wy, the small-energy shifts associated with the non-resonant interaction terms in H,
can shift the condition needed for resonance. To describe these small shifts (which can be important for realistic
parameters), it is sufficient to use standard second-order perturbation theory to treat the non-resonant terms. This
is conveniently done via a Schrieffer-Wolff transformation, where a unitary transformation is performed to eliminate
the non-resonant terms to leading order in the Hamiltonian. The procedure generates new terms however at second
order in g. Keeping only such terms which do not change the total number of polaritons, we obtain the general form
given in the Hamiltonian Hypg (Eq. (8) of the main text). Note that in this equation, the energy shifts J, include
both the shifts arising from the non-resonant terms, as well as the energy shifts ¢, coming from the normal-ordering
procedure. Both such terms scale as g2 /wyy.
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Including the energy shifts associated with the non-resonant processes (as described by Hypg in Eq. (8) of the main
text), the self-energies above are modified to:

2E_[w] = 47 gi —+n‘ti+ﬁ+ . By =E,-E +6 -0 U (A —ny), (527)
Wo b T
1+27_ -
>R W] = 252(f—”),, E _=2(E_+6)+2U__(1+2n_). (S28)
w—FE__ +ik_

The corrections due to the Kerr-type interaction constants U, and U__ can be obtained by including ladder diagrams
in the self-energies, as shown in Fig. 1b.

V. OMIT REFLECTION COEFFICIENT

In an OMIT style-experiment, in addition to the main driving laser (which gives rise to the many-photon interaction
G), a second weak drive tone (the “probe”) is applied at a frequency wy, to the cavity. This driving is described by
a term in the Hamiltonian:

Ay = —iy /R (JTJmpre—’?%rt + h.c.) (S29)

where we work in the interaction picture determined by the main drive laser frequency, and hence @y, = wpr — wr.
kcp parameterizes the coupling of the drive port to the cavity: for a one-port cavity, the total cavity damping rate
K = Kcp + Kint, Where Kine describes internal cavity losses.

As the amplitude dj, probe drive is weak, we can use standard linear response theory to describe its effects. The
Kubo formula thus tells us that to first order in diy pr, the change in the cavity amplitude will be given by:

6 (dt)) = ~iv/Fe / At (e GEa(t — )™ — i, L Gly(t = ¢)eot) (S30)
= —iy/Kep (e_iaprtgin,prng[@pr] - ei&prt&?n,prGgg[_Qpr]) . (S31)

Here, G},[w] is the retarded Green function of the cavity as defined above, calculated to zeroth order in ffpr, but
including the effects of the nonlinear interaction g. G%[w] is the corresponding anomalous Green function defined as:

GE W = —i / dto(t) < [J(t), J(O)} > et (S32)
Now, the standard input-output relation between input, output and cavity fields is [1]:

dons (1) = din () + \/Fepd(t) (S33)

Taking the average value of this equation, and defining the elastic amplitude reflection coefficient rfwp,| as the
amplitude of (dou;(t)) at the probe frequency divided by di,, we obtain

Twp] =1 - i“CpGﬁd[wpr]a (S34)

as given in the main text.

VI. MASTER EQUATION SIMULATION

Starting from the system-bath Hamiltonians written in the polariton basis (Egs. (S7) and (S9)), one can trace over
the dissipative baths and derive a master equation for the reduced density matrix p describing the polaritons using
standard Born-Markov approximations [5]. One obtains:

np = —i [+ Ha, | + £ (S35)

where the coherent system Hamiltonian H, + H, is written without any approximation, and the super-operator £
describes the effects of the dissipative baths via standard Lindblad terms,

L=r_(14+n_)L[e ]+ r n Ll ]+ k(1474 )Ley] + rpng L[ek, (S36)



with
Ll¢] =¢-éf — %{a*e, 3. (S37)

Note that this master equation corresponds to each polariton seeing independent thermal baths, in direct analogy to
the form of the quantum Langevin equations in Eq. (S11).

While Eq. (S35) is not a convenient starting point for deriving analytic results, it does allow us to numerically study
the system without having to assume a small value of g. Using Eq. (S35) and the quantum regression theorem [5],
we have numerically calculated the cavity density of states pglw] = —Im G%,[w]/7, finding good agreement with our
analytic perturbative results even for ¢ as large as x (see Fig. 1 in main text). Note that to find agreement with these
numerical results, it was crucial to include in the analytic theory the corrections associated with the non-resonant
interaction processes, Hy g (c.f. Eqs.(S27) and (S28)).

Finally, we have also numerically studied our system using a more conventional master equation, in which the
dissipation is described by Lindblad superoperators which act in the photon and phonon basis, i.e. replace £ in
Eq. (S35) with Ly, where:

Lo = wL[d] +~(1 + 7nr)L[D] + van LD, (S38)

and 7ps is a Bose-Einstein distribution evaluated at the mechanical frequency wy; and mechanical bath temperature.
For the parameters studied in the paper, this conventional master equation yields results very similar to those obtained
from Eq. (S35).

VII. g CORRELATION FUNCTIONS

As discussed in the main text, the resonant two-particle interaction between — polaritons can lead to non-classical
values of the g, correlation functions. In Fig. 3 of the main text, we have used a numerical solution of our master
equation and the quantum regression theorem to calculate go functions of both photons and — polaritons, taking
g =k, A = —wy and tuning G to Ges = 0.3wy to ensure the resonance condition £ = 2F_. For simplicity, we also
take the large wyr limit (i.e. wy/k — 00, g/wy — 0), so that corrections due to non-resonant interaction terms in ﬁg
can be neglected. We have also included a weak probe drive on the cavity at a frequency wy, close to E_ by including
a term of the form flpr (c.f. Eq.(529)). When writing this driving term in terms of polarities, we will have terms that
effectively drive both — and + polaritons. However, in the large wy limit and for wy, >~ E_, the direct driving term
on the + polaritons will be strongly off-resonance and can be neglected. The probe field driving Hamiltonian thus
reduces to:

Hye = eeertel 4 pe. (S39)

Eq. (15) of the main text and the dashed curve in Fig. 3 are the results of a simple analytic theory which accurately
describes the — polariton go function in the limit of an extremely weak probe drive amplitude €. For a weak drive
(and only keeping the resonant interaction process in Hs), we can restrict attention to the four lowest eigenstates of
the coherent Hamiltonian. These are:

W)O> = |070>’ Ey = 0; (840)
W}l> - |170>a b =FE_, (841)
[tha) = —sin 0]0, 1) + cos 0]2, 0), By =B, + B —\/(}E, - B_)? + 2%, (842)
lih3) = cos0]0, 1) + sin ]2, 0), By =B, + E_+/(E, - B_)? + 22, (543)

where |n_,ny) denotes a Fock state having n_ — polaritons and n, + polaritons, and tan 20 = 2/25/(E, — 2F_).
The system is driven by adding the probe drive Hamiltonian H,, given in Eq. (S39). Including the drive, the wave
function is written in terms of the above states as:

[t)) = Ago |0,0) + A1 |1,0) + Az |2,0) + Ao1 0, 1). (S44)
We take into account the dissipation with the anti-Hermitian Hamiltonian ﬁdamping = —%i(m,été, + mréiéJr). In

. . . (et o426t 6 e
the rotating frame corresponding to the unitary operator e'(¢-¢-+2¢4¢+)wprt the Hamiltonian reads

Hrwa = (A —ir)éle + (A —inp)él ey +g(ele e +eelel)+eel +e0), (S45)
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FIG. 2: Plot of average polariton, photon and phonon numbers versus probe frequency wypr, for parameters identical to those
used in Fig. 3 of the main text. We have taken a drive strength of € = 0.2k, where € is defined in Eq. (S39). The double-peak
structure in the phonon population is due to higher-order effects of the probe drive which induce correlations between + and
— polarities.

with the detuning A_ = E_ — w,, and Ay = By — 2w, = 2A_ at the resonance £, = 2E_. The dynamics is
given by 0,|¢) = —iH|y). Ignoring other states than those involved in |¢)), the steady state number and correlation
go— = (el el e_e )/t e )2 are

(S46)

(A 4 (k- /2)?][4A% + (k_/2)?]
9= = BAT — g2 — (n_/2 + 9A7 (/2 (547)

where we approximate Agy = 1, take k3 = k_ and keep the leading terms in €. The minimum value of go_ is found
at wpr = E_ with go— = k% /(4 4+ k2)? and the correlation tends toward unity for infinite detuning.

We comment briefly on the unusual double-peak resonance exhibited by gopwp:| in Fig. 3 of the main text. This
structure is also present in the behaviour of the average phonon number versus probe drive but not in the behaviour of
the average photon number, see Fig. 2. This difference is a higher-order effect of the probe drive-field that would not

be captured in linear-response (i.e. contributions to (I;Tl;> beyond order €2). At higher orders, the probe field causes

non-zero correlations between + and — polaritons, e.g. <élé_) # 0. It follows from the normal-mode transformation

of Eq. (S2) that such averages contribute to the photon and phonon populations with opposite sign; this ultimately
explains the strong difference in the behaviour of photon and phonon number versus wp;.
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